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MAXIMALITY OF GALOIS ACTIONS FOR ABELIAN
VARIETIES
CHUN YIN HUI AND MICHAEL LARSEN
Abstract. Let {ρℓ}ℓ be the system of ℓ-adic representations aris-
ing from the ith ℓ-adic cohomology of a complete smooth varietyX
defined over a number field K. Denote the image of ρℓ by Γℓ and
its Zariski closure, which is a linear algebraic group over Qℓ, byGℓ.
We prove that Gredℓ , the quotient of G
◦
ℓ by its unipotent radical,
is unramified over a totally ramified extension of Qℓ for all suffi-
ciently large ℓ. We give a sufficient condition on {ρℓ}ℓ such that
for all sufficiently large ℓ, Γℓ is in some sense maximal compact in
Gℓ(Qℓ). Since the condition is satisfied when X is an abelian vari-
ety by the Tate conjecture, we obtain maximality of Galois actions
for abelian varieties.
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1. Introduction
The main goal of this paper is to generalize to all abelian varieties
the following well known theorem of Serre [Se72]:
Theorem 1.1. Let X be a non-CM elliptic curve over a number field
K, and let Tℓ(X) denote the ℓ-adic Tate module of X. Then for all ℓ
sufficiently large, the natural map GalK → Aut(Tℓ(X)) = GL2(Zℓ) is
surjective.
Serre later extended this result [Se85]. If X is an abelian variety,
EndK¯(X) = Z, and n is odd (or n ∈ {2, 6}), the image of GalK in
Aut(Tℓ(X)) = GL2n(Zℓ) is GSp2n(Zℓ). The cases covered by this ex-
tension are rather special from a group-theoretic point of view, however.
In formulating our generalization, we work in the setting of e´tale
cohomology. Let X be a projective non-singular variety defined over
a number field K. Fix an algebraic closure K¯ and an integer i. The
ℓ-adic cohomology group H i(XK¯ ,Qℓ) is a Qℓ-vector space acted on by
the absolute Galois group GalK := Gal(K¯/K) for all primes ℓ. Let
n be the common dimension of H i(XK¯ ,Qℓ) for all ℓ. We obtain by
Deligne [De74] a strictly compatible system of ℓ-adic representations
{ρℓ : GalK → GLn(Qℓ)}ℓ
in the sense of Serre [Se98, Chapter 1]. The image of ρℓ, denoted by
Γℓ, is a compact ℓ-adic Lie subgroup of GLn(Qℓ).
The algebraic monodromy group of ρℓ, denoted by Gℓ, is defined to
be the Zariski closure of Γℓ in GLn,Qℓ. There exists a finite extension
L/K such that ρℓ(GalL) ⊂ G
◦
ℓ(Qℓ) for all ℓ (see [Se81, p.6,17], [Se84b,
§2.2.3].) The conjectural theory of motives together with the celebrated
conjectures of Hodge, of Tate, and of Mumford-Tate predict the exis-
tence of a common connected reductive Q-form GQ of G
◦
ℓ for all ℓ (see
[Se94, §3]). Then the conjectures on maximal motives [Se94, 11.4, 11.8]
of Serre imply that if G denotes any extension of GQ to a group scheme
over Z[1/N ] for some N , the compact subgroup ρℓ(GalL) is in some
sense maximal in G(Zℓ) if ℓ is sufficiently large.
Formulating what maximality should mean is somewhat delicate. For
instance, if X is an abelian variety of dimension g, then H i(XK¯ ,Qℓ) ∼=∧iH1(XK¯ ,Qℓ) for all 0 ≤ i ≤ 2g. In the case of abelian surfaces with
endomorphism ring Z, the Galois image forH2(XK¯ ,Qℓ) is GSp4(Zℓ)/{±Id}
for ℓ≫ 0. This is not a maximal compact subgroup of GSp4/{±Id}(Qℓ).
Denote Γℓ ∩ G
◦
ℓ(Qℓ) by Γ
◦
ℓ , the derived group of Gℓ by G
der
ℓ , Γℓ ∩
Gderℓ (Qℓ) by Γ
der
ℓ , the radical of G
◦
ℓ by R(G
◦
ℓ), G
◦
ℓ/R(G
◦
ℓ) by G
ss
ℓ , and
the image of Γ◦ℓ under the map G
◦
ℓ(Qℓ) → G
ss
ℓ (Qℓ) by Γ
ss
ℓ . Since G
ss
ℓ
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is connected semisimple, denote by Gscℓ the universal cover of G
ss
ℓ and
by Γscℓ the preimage of Γ
ss
ℓ under the map G
sc
ℓ (Qℓ) → G
ss
ℓ (Qℓ). The
second named author has conjectured the following.
Conjecture 1.2. [La95] Let {ρℓ}ℓ be the system of ℓ-adic representa-
tions arising from the ith ℓ-adic cohomology of a complete non-singular
variety X/K. Then the ℓ-adic Lie group Γscℓ is a hyperspecial maximal
compact subgroup of Gscℓ (Qℓ) for all sufficiently large ℓ.
It is also proved in [La95] that the assertion on Γscℓ holds for a density
1 subset of primes ℓ. In [HL16], we proved Conjecture 1.2 for type A
Galois representations. Although Conjecture 1.2 is implied by the more
general maximal motives conjectures of Serre, it is formulated without
using other conjectures. The connections between these conjectures are
discussed in [HL15].
The image ofH i(XK¯ ,Zℓ) is a lattice inH
i(XK¯ ,Qℓ). Let ρ¯
ss
ℓ : GalK →
GLn(Fℓ) be the semisimple reduction of ρℓ, i.e., the semisimplification
of the representation obtained by reducing ρℓ modulo this lattice, and
denote the image of ρ¯ssℓ byGℓ. By the Brauer-Nesbitt theorem, this does
not depend on the choice of lattice. There exist a finite extension L/K
and a connected reductive subgroup Gℓ (called the algebraic envelope of
Gℓ) of GLn,Fℓ for every ℓ≫ 0 such that ρ¯
ss
ℓ (GalL) is a subgroup ofGℓ(Fℓ)
of index bounded above by a constant independent of ℓ ≫ 0 [Hu15,
Theorem A]. In this paper we give a sufficient condition (Theorem
1.3) for Conjecture 1.2 and prove the conjecture for abelian varieties
(Theorem 1.8).
Theorem 1.3. Let {ρℓ}ℓ be the system of ℓ-adic representations arising
as the semisimplification of the ith ℓ-adic cohomology of a complete
non-singular variety X defined over a number field K. We assume K is
large enough such that Gℓ is connected for all ℓ and Gℓ := ρ¯
ss
ℓ (GalK) ⊂
Gℓ(Fℓ) for all sufficiently large ℓ. Denote the image of GalK under ρℓ
by Γℓ. If the commutants of Γℓ and Gℓ have the same dimension for
all sufficiently large ℓ, i.e.,
(∗) dimQℓ EndΓℓ(Q
n
ℓ ) = dimFℓ EndGℓ(F
n
ℓ ) ∀ℓ≫ 0,
then Γscℓ is a hyperspecial maximal compact subgroup of G
sc
ℓ (Qℓ) for all
sufficiently large ℓ.
Note that if we prefer to work with the actual representation of GalK
rather than its semisimplification, we can reformulate Theorem 1.3 in
terms ofGredℓ , which we define to be the quotient ofGℓ by its unipotent
radical.
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Remark 1.4. The group Gℓ acts semisimply on F
n
ℓ for all sufficiently
large ℓ (see Proposition 3.6(i)).
Remark 1.5. Let K ′/K be a finite extension. Then (∗) also holds for
K ′ (see Proposition 3.6(ii)).
Corollary 1.6. Let {ρℓ}ℓ be the system in Theorem 1.3. Then Gℓ is
unramified for all sufficiently large ℓ.
Without the hypothesis (∗) we cannot prove the existence of a Qℓ-
rational Borel subgroup, but we still have a non-trivial result by the
main results of [Hu15] and Bruhat-Tits theory [Ti79]:
Theorem 1.7. Let {ρℓ}ℓ be any system of ℓ-adic representations aris-
ing from the semisimplification of the ith ℓ-adic cohomology of a com-
plete smooth variety X defined over a number field K. Then the fol-
lowing statements hold for all sufficiently large ℓ.
(i) Gℓ splits over a finite unramified extension of Qℓ.
(ii) Gℓ is unramified over a totally ramified extension of Qℓ.
This is what we would expect if all the Gℓ arise from a single group
over Q, as claimed by the Mumford-Tate conjecture. Note that Theo-
rem 1.7(i) follows directly from the method of Frobenius tori [Se81].
Now, suppose X is an abelian variety and i = 1. Then the semisim-
plicity of the Galois representation of GalK is a theorem of Faltings,
so ρℓ just comes from the action of GalK on cohomology. Moreover,
(∗) holds by the Tate conjecture for abelian varieties (also proved by
Faltings), together with a slight refinement to treat the (mod ℓ) case
for large ℓ [Fa83, FW84]. Since H i(XK¯ ,Qℓ) ∼=
∧iH1(XK¯ ,Qℓ) for the
abelian variety X , the conclusion of Theorem 1.3 holds for any i.
Theorem 1.8. Let {ρℓ}ℓ be the system of ℓ-adic representations arising
from the ith ℓ-adic cohomology of an abelian variety X defined over a
number field K. Then Γscℓ is a hyperspecial maximal compact subgroup
of Gscℓ (Qℓ) for all sufficiently large ℓ.
Corollary 1.9. Let {ρℓ}ℓ be the system in Theorem 1.8. Let G be a
connected reductive affine group scheme defined over Z[1/N ] for some
N ≥ 1 such that
(i) the derived group scheme Gder of G is simply connected;
(ii) Γℓ ⊂ G(Zℓ) for ℓ≫ 0;
(iii) Γℓ is Zariski dense in G ×Qℓ for ℓ≫ 0.
Then the derived group [Γℓ,Γℓ] is equal to G
der(Zℓ) if ℓ≫ 0.
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Example: Let X/K be an abelian variety of dimension g. Suppose
the algebraic monodromy group of the representation H1(XK¯ ,Qℓ) is
GSp2g for all ℓ. Then [Γℓ,Γℓ] = Sp2g(Zℓ) for all sufficiently large ℓ.
Remark 1.10. By a specialization argument [Se81, §1] and an ℓ-
independence result for specializations [Hu12, Corollary 1.6], one can
prove that Theorem 1.8 and hence Corollary 1.9 also hold when K is a
field finitely generated over Q.
Remark 1.11. Serre originally stated Theorem 1.1 as a variant of an
“adelic openness” result: the image of GalK in GL2(Zˆ) is open. Our
result also has an “adelic” version, which must be stated carefully since
we do not know that the groups Gℓ come from a common algebraic
group over Q. Details are given in [HL15].
Let us describe the idea behind Theorem 1.3. Suppose we are in the
situation of the above example, i.e., Gℓ = GSp2g for all ℓ. Then we
have Γℓ ⊂ GSp2g(Zℓ) for all ℓ and we would like to show that [Γℓ,Γℓ] =
Sp2g(Zℓ) for all sufficiently large ℓ. By taking mod ℓ reduction, we
obtain
(1) [Gℓ, Gℓ] ⊂ Sp2g(Fℓ)
acting semisimply on the ambient space for ℓ ≫ 0 by Faltings [Fa83,
FW84]. For all sufficiently large ℓ, we have
(2) rkℓ[Gℓ, Gℓ] = rkℓGℓ = rkℓ Sp2g(Fℓ)
by [Hu15, Theorem A, Corollary B] and (∗), which now reads
End[Gℓ,Gℓ](F
2g
ℓ ) = Fℓ = EndSp2g(Fℓ)(F
2g
ℓ ),
follows from the Tate conjecture [Fa83, FW84]. Nori’s theory [No87]
(see §2.1 below) together with (1) produces for each ℓ a semisimple
algebraic subgroup
Sℓ ⊆ Sp2g,Fℓ
of GL2g,Fℓ , which is a kind of algebraic group approximation of (1). Via
this approximation, equations (2) and (∗) imply that Sℓ and Sp2g,Fℓ
have the same absolute rank and the same commutant in End2g,Fℓ for
ℓ ≫ 0. By the Borel-de Siebenthal Theorem [BdS49], Sℓ = Sp2g,Fℓ for
ℓ≫ 0. From this, we obtain
[Gℓ, Gℓ] = Sℓ(Fℓ) = Sp2g(Fℓ)
for ℓ ≫ 0 by [No87, Theorem B, Theorem C] and [HL16, Theorem
4(iii)]. Finally, it follows from a result of Vasiu [Va03] that [Γℓ,Γℓ] =
Sp2g(Zℓ) for ℓ≫ 0.
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Various technicalities of a group-theoretic nature are required to im-
plement this idea in the general case. In particular, the Tate conjecture
gives a comparison between the reductive groupsGℓ and Gℓ, while what
is needed for the Borel-de Siebenthal Theorem is a comparison between
semisimple groups. Likewise, Bruhat-Tits theory works best for sim-
ply connected semisimple groups, but it is also useful for the groups
we work with to be subgroups of GLn. Much of the technical work in
the paper justifies moving back and forth between a reductive group,
its derived group, and the universal cover of the derived group.
Section 2 assembles results from group theory that are needed, in-
cluding Nori’s theory, our theory of ℓ-dimensions and ℓ-ranks, Bruhat-
Tits theory, and some results about centralizers. In Section 3, we work
with Galois representations and prove the main results.
The second author gratefully acknowledges conversations with Richard
Pink twenty years ago in which we developed an approach to proving
Theorem 1.3 which is similar in some important respects to that em-
ployed in this paper. Although there are also major differences between
this strategy and the methods of this paper, these discussions undoubt-
edly influenced the second author’s thinking about the problem.
Conventions for groups
In order to keep track of the various kinds of groups that arise in
this paper, we use the following system. Algebraic groups over a field
of characteristic zero are represented in bold letters, e.g., G, H, S.
Algebraic groups over a field of positive characteristic are indicated by
underlined letters: G,H, S, . . . Group schemes are denoted by G and
H. Capital Greek letters denote infinite groups, which are generally
ℓ-adic Lie groups, while capital Roman letters denote finite groups.
We denote by ℓ a prime number and by Fq a finite field of charac-
teristic ℓ. Simple complex Lie algebras are denoted by g and h. We
identify such algebras with their Dynkin diagrams, so instead of saying
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that SLn(Fq) and SUn(Fq) are both of type An−1, we may say they are
of type g = sln. For any field F , denote by F¯ an algebraic closure of
F . Letting G denote an algebraic group over a field F of characteristic
zero, and Γ ⊂ G(F¯ ) a subgroup, we denote by
Z the identity component of the center of G,
R(G) the radical of G,
U(G) the unipotent radical of G,
Gder the derived group of G,
G◦ the identity component of G,
Gss the semisimple quotient G◦/R(G◦),
Gad the adjoint quotient of semisimple Gss,
Gsc the universal cover of Gss,
Gred the reductive quotient G◦/U(G◦),
rkG the absolute rank of Gss,
dimG the dimension of G as an F -variety,
dim g the dimension of g as a C-vector space,
π : Gsc → Gder the central isogeny if G is connected and reductive,
Γder the subgroup Γ ∩Gder(F¯ ),
Γ◦ the subgroup Γ ∩G◦(F¯ ),
Γ(F ) the subgroup Γ ∩G(F ),
Γss the image of Γ◦ under the quotient map G◦ → Gss,
Γsc the preimage of Γss under the map Gsc(F )→ Gss(F ).
Mn(R) the ring of n by n matrices with entries in a ring R.
GLn(R) the group of units of Mn(R).
2. Some group theoretic preliminaries
2.1. Nori’s theory. Let n be a natural number and suppose ℓ ≥ n.
Let G be a subgroup of GLn(Fℓ). Whenever ℓ is bigger than a constant
depending only on n, Nori’s theory [No87] produces a connected Fℓ-
algebraic subgroup S of GLn,Fℓ that approximates G.
Let G[ℓ] := {x ∈ G | xℓ = 1}. The normal subgroup of G generated
by G[ℓ] is denoted by G+. Define exp and log by
exp(x) =
ℓ−1∑
i=0
xi
i!
and log(x) = −
ℓ−1∑
i=1
(1− x)i
i
.
Denote by S the (connected) algebraic subgroup of GLn,Fℓ, defined over
Fℓ, generated by the one-parameter subgroups
t 7→ xt := exp(t · log(x))
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for all x ∈ G[ℓ]. Algebraic subgroups with the above property are
said to be exponentially generated. Since S is generated by unipotent
elements, S is an extension of a semisimple group by an unipotent group
[No87, §3]. If y ∈Mn(Fℓ) commutes with x, then it also commutes with
log x and therefore with the algebraic group xt. Thus,
(3) ZG+(Mn(Fℓ)) = ZS(Fℓ)(Mn(Fℓ)) = ZS(F¯ℓ)(Mn(F¯ℓ)) ∩Mn(Fℓ).
The following theorem approximates G+ by S(Fℓ).
Theorem 2.1. [No87, Theorem B(1), 3.6(v)] There is a constant C1(n)
(depending only on n) such that if ℓ > C1(n) and G is a subgroup of
GLn(Fℓ), then
(i) G+ = S(Fℓ)
+,
(ii) S(Fℓ)/S(Fℓ)
+ is a commutative group of order ≤ 2n−1.
A theorem of Jordan [Jo78] says that every finite subgroup G of
GLn(C) has an abelian subgroup Z such that [G : Z] ≤ C2(n), where
C2(n) is a constant depending only on n. The following theorem is a
variant of Jordan’s theorem in positive characteristic.
Theorem 2.2. [No87, Theorem C] Let G be a subgroup of GLn(F),
where F is a finite field of characteristic ℓ ≥ n. Then G has a commu-
tative subgroup Z of prime to ℓ order such that Z ·G+ is normal in G
and
[G : Z ·G+] ≤ C2(n),
where C2(n) is a constant depending only on n (and not on F, ℓ, G).
Note that the statement of [No87, Theorem C] does not explicitly
assert that the order of Z is prime to ℓ, but this fact is stated in the
introduction to the paper.
We have the following result due to Serre for S if G acts semisimply
on the ambient space.
Proposition 2.3. [Hu15, Proposition 2.1.3] Suppose G acts semisimply
on Fnℓ . There is a constant C3(n) depending only on n such that if
ℓ > C3(n), then the following statements hold.
(i) S is a semisimple Fℓ-subgroup of GLn,Fℓ.
(ii) The representation S → GLn,Fℓ is semisimple.
2.2. Galois cohomology. Let α : G → H be a central isogeny of
connected reductive groups over a field F of characteristic 0 and C the
kernel of α. Then C(F¯ ) is abelian and there is an exact sequence of
Galois cohomology groups
1→ C(F )→ G(F )→ H(F )→ H1(F,C(F¯ )).
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We have the following boundedness results for all sufficiently large ℓ.
Proposition 2.4. For all k there exists a constant C4(k) depending
only on k such that if ℓ > C4(k), F is a finite extension of Qℓ, and
|C(F¯ )| ≤ k, then
|H1(F,C(F¯ ))| ≤ C4(k).
Proof. Since |C(F¯ )| ≤ k, there exists a Galois extension L of F such
that [L : F ] ≤ k! and GalL acts trivially on C(F¯ ). By the inflation-
restriction exact sequence, we obtain an exact sequence of abelian
groups
1→ H1(Gal(L/F ),C(F¯ ))→ H1(F,C(F¯ ))→ H1(L,C(F¯ )).
Since [L : F ] is bounded in terms of k, the size of H1(Gal(L/F ),C(F¯ ))
is bounded above by some constant C5(k). Let S be the set of abelian
extensions of L of degree less than k. For every element φ of
H1(L,C(F¯ )) ∼= Hom(GalL,C(F¯ )) ∼= Hom(Gal
ab
L ,C(F¯ )),
kerφ corresponds to an element of S. Since |C(F¯ )| ≤ k, there exists
C6(k) such that
|Hom(GalabL ,C(F¯ ))| ≤ |S| · C6(k).
We just need to estimate the size of S. For every positive integer m,
there is a unique degree m unramified extension over L. Since every
finite extension L′′/L contains an intermediate field L′ such that L′′/L′
is totally ramified and L′/L is unramified, it suffices to consider the
number of totally ramified abelian extensions of L′ of degree bounded
above by k. By local class field theory, every such extension corresponds
to a closed subgroup U of O∗L′ of index bounded above by k. Let Fq be
the residue field of L′. Since ker(O∗L′ → F
∗
q) is pro-ℓ, ker(O
∗
L′ → F
∗
q) ⊂ U
if ℓ > k. Since F∗q is cyclic, each such extension corresponds to a cyclic
subgroup of F∗q of index bounded above by k which has at most k
possibilities. 
Corollary 2.5. Let F be a finite extension of Qℓ and Γ a subgroup of
H(F ). Then the quotient
Γ/α(α−1(Γ) ∩G(F ))
is an abelian group with size bounded above by C4(k) if ℓ is sufficiently
large.
Proof. Since C(F¯ ) is abelian, the first cohomology group H1(F,C(F¯ ))
is also abelian. Then the quotient
Γ/α(α−1(Γ) ∩G(F ))
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injects into H1(F,C(F¯ )) and is therefore abelian. By Proposition 2.4,
the size of the quotient is bounded above by C4(k) if ℓ is sufficiently
large. 
Proposition 2.6. If G is a connected, simply connected semisimple
group over a finite extension F of Qℓ and some inner twist of G is
split, then if d denotes the order of the center of G(F¯ ), for every finite
extension F ′ of F of degree d, G splits over F ′.
Proof. Let G0 be the split form of G, and let C0 denote the center of
G0. Now G is the twist of G0 by a class in H
1(F,G0(F¯ )/C0(F¯ )). The
non-abelian cohomology sequence of the central extension
1→ C0(F¯ )→ G0(F¯ )→ G0(F¯ )/C0(F¯ )→ 1
gives an exact sequence
H1(F,G0(F¯ ))→ H
1(F,G0(F¯ )/C0(F¯ ))→ H
2(F,C0(F¯ )),
meaning, in particular, that the preimage of the distinguished ele-
ment 0 ∈ H2(F,C0(F¯ )) coincides with the image of H
1(F,G0(F¯ )) →
H1(F,G0(F¯ )/C0(F¯ )) [Se65, Proposition 43]. As H
1(F,G0(F¯ )) = 0
[BT87], it suffices to prove that [F ′ : F ] = d implies
H2(F,C0(F¯ ))→ H
2(F ′,C0(F¯ ))
is the zero map. As G0 is split, C0 is a product of groups of the
form µn where n divides d. Thus, it suffices to prove that every class
in Br(F )n lies in ker(Br(F ) → Br(F
′)) for every degree d extension
F ′/F . This follows from the fact [Se79, XIII Proposition 7] that at the
level of invariants, the map Br(F ) → Br(F ′) is just multiplication by
[F ′ : F ]. 
2.3. ℓ-dimension and ℓ-ranks. In this subsection, we review the def-
initions of the ℓ-dimension and the ℓ-ranks (i.e., the total ℓ-ranks and
the g-type ℓ-rank for varying simple Lie type g) of finite groups and
profinite groups with open pro-solvable subgroups [Hu15, HL16] and
state the results relating the dimension and the ranks of algebraic group
G/Fq to respectively the ℓ-dimension and the ℓ-ranks of G(Fq) [HL16].
Let ℓ ≥ 5 be a prime and g a simple complex Lie algebra (e.g.,
An, Bn, Cn, Dn, ...). Let G be a finite simple group of Lie type in char-
acteristic ℓ. Then there exists some adjoint simple group G/Fℓf so
that
G = [G(Fℓf ), G(Fℓf )],
the derived group of the group of Fℓf -rational points of G. By base
change to F¯ℓ, we obtain
G×F
ℓf
F¯ℓ = H
m,
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where H is an F¯ℓ-adjoint simple group of some Lie type h. We then set
the ℓ-dimension of G to be
dimℓG := f · dimG,
the g-type ℓ-rank of G to be
rkgℓ G :=
{
f · rkG if g = h,
0 otherwise,
and the total ℓ-rank of G to be
rkℓG :=
∑
g
rkgℓ G.
For example, PSLn(Fℓf ) (resp. PSUn(Fℓf )) has f(n
2 − 1) as the ℓ-
dimension, f(n−1) as both the An−1-type ℓ-rank and the total ℓ-rank.
For simple groups (including abelian simple groups) which are not of
Lie type in characteristic ℓ, we define the ℓ-dimension and g-type ℓ-rank
to be zero. In particular, the ℓ-dimension and total ℓ-rank of Z/pZ are
zero, even if p = ℓ. We extend the definitions to arbitrary finite groups
by defining the ℓ-dimension, g-type ℓ-rank, and total ℓ-rank of any finite
group to be the sum of the ranks of its composition factors. This makes
it clear that dimℓ, rk
g
ℓ , and rkℓ are additive on short exact sequences
of groups. In particular, the ℓ-dimension and the total ℓ-rank of every
solvable finite group are zero. Our basic results on dimℓ, rk
g
ℓ , and rkℓ
of finite groups are the following.
Proposition 2.7. Let G be a subgroup of GLn(Fℓ) and S the algebraic
group associated to G by Nori’s theory (§2.1). For all ℓ sufficiently
large compared to n, the ℓ-dimension and the ℓ-ranks of G and S(Fℓ)
are identical.
Proof. The assertion follows directly from Theorem 2.1 and 2.2. 
Proposition 2.8. [HL16, Proposition 3] Let ℓ ≥ 5 be a prime and G
a connected algebraic group over Fq, where q = ℓ
f . The composition
factors of G(Fq) are cyclic groups and finite simple groups of Lie type in
characteristic ℓ. Moreover, let mg be the number of quasisimple factors
of Gss ×Fq F¯q of simple type g. Then the following equations hold:
(i) rkgℓ G(Fq) = mgf · rk g;
(ii) rkℓG(Fq) = f · rkG;
(iii) dimℓG(Fq) = f
∑
gmg · dim g = f · dimG
ss.
Theorem 2.9. [HL16, Theorem 4] Let G be a connected algebraic group
over Fq, where q = ℓ
f , and G ⊂ G(Fq) a subgroup. If ℓ is sufficiently
large compared to f · rkG, then the following statements hold:
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(i) rkℓG ≤ f · rkG;
(ii) if rkℓG = f · rkG and G is simply connected and semisimple of
type A, then G = G(Fq);
(iii) if rkgℓ G = rk
g
ℓ G(Fq) for all Lie types g and G is simply con-
nected and semisimple, then G = G(Fq);
(iv) if dimℓG ≥ f · dimG, then G is semisimple.
Let F be a finite extension of Qℓ with the ring of integers OF and
the residue field Fq. The definitions above are extended to certain
infinite profinite groups, including compact subgroups of GLn(F ), as
follows. If Γ is a finitely generated profinite group which contains an
open pro-solvable subgroup, we define
dimℓ Γ := dimℓ Γ/∆, rk
g
ℓ Γ := rk
g
ℓ Γ/∆, and rkℓ Γ := rkℓ Γ/∆
for any normal, pro-solvable, open subgroup ∆ of Γ. As the ℓ-dimension
and the total ℓ-rank of every pro-ℓ group is zero, we have
dimℓ Γ = dimℓG, rk
g
ℓ Γ = rk
g
ℓ G, and rkℓ Γ = rkℓG,
where G denotes the image in GLn(Fq) under the reduction of Γ with
respect to an OF -lattice in F
n stabilized by Γ. If Γ is a compact
subgroup of GLn(F ) and ∆ is a closed normal subgroup, then
dimℓ Γ = dimℓ∆+ dimℓ Γ/∆,
rkgℓ Γ = rk
g
ℓ ∆+ rk
g
ℓ Γ/∆,
and
rkℓ Γ = rkℓ∆+ rkℓ Γ/∆.
Definition 2.10. Two profinite groups are said to be comparable if
their ℓ-ranks are the same for all types g.
In particular, this implies that they have the same ℓ-dimension and
total ℓ-rank.
The following two lemmas follow easily from the above definitions,
Corollary 2.5, and the conventions for groups in §1.
Lemma 2.11. Suppose the Zariski closure G of Γ in GLn,F is con-
nected reductive. If ℓ is sufficiently large compared to n (independent
of F/Qℓ), then the groups
G,Γ,Γ◦,Γss,Γsc, π(Γsc),Γder
are comparable.
Lemma 2.12. If Γ ⊂ GLn(F ) is compact, ΛF ⊂ F
n is a Γ-stable
lattice, and λ is a uniformizer of OF , then Γ is comparable to its image
under AutOF ΛF → AutOF /λOF (ΛF/λOF ).
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Lemma 2.13. Let ∆ ⊆ Γ be compact subgroups of GLn(Qℓ). If ℓ is
sufficiently large in terms of n, then
rkℓ∆ ≤ rkℓ Γ,
dimℓ∆ ≤ dimℓ Γ.
Proof. It suffices to prove the same inequality for the reduction D ⊆
G ⊆ GLn(Fℓ). The Nori group of D is generated by a subset of the
collection of unipotent groups generating the Nori group of G and is
therefore a closed subgroup of that algebraic group. Both dimension
and semisimple rank of a subgroup of any algebraic group are less than
or equal to those of the ambient group, so the lemma follows from
Proposition 2.7. 
2.4. Bruhat-Tits theory. We briefly recall some basic facts from
Bruhat-Tits theory, mainly from [Ti79]. The main goal of this sub-
section is Theorem 2.14.
Let F be a finite extension of Qℓ and G a connected, semisimple
algebraic group defined over F . The Bruhat-Tits building B(G, F )
is a PL-manifold, endowed with a G(F )-action that is linear on each
facet. If F ′ is a finite extension of F , then there is a corresponding
continuous injection of buildings
ιF ′,F : B(G, F )→ B(G, F
′),
which is equivariant with respect to G(F ) ⊂ G(F ′) and maps ver-
tices of B(G, F ) to vertices of B(G, F ′). If F ⊂ F ′ ⊂ F ′′ are finite
extensions of fields, then
ιF ′′,F ′ ◦ ιF ′,F = ιF ′′,F .
Every maximal compact subgroup of G(F ) is the stabilizer G(F )x
of a point x ∈ B(G, F ) by [Ti79, 3.2]. We may always take x to be
the centroid of some facet. There exists a smooth affine group scheme
Gx over the ring of integers OF of F and an isomorphism i from the
generic fiber of Gx to G such that i(Gx(OF )) = G(F )
x and if F ′ is a
finite unramified extension of F , then
i(Gx(OF ′)) = G(F
′)ιF ′,F (x)
[Ti79, 3.4.1]. Moreover, if G is in addition simply connected, then x
is a vertex and the special fiber of Gx is connected [Ti79, 3.5.2]. If the
special fiber of Gx is reductive, we say x is hyperspecial.
For every smooth affine group scheme G over OF with semisimple
generic fiber, there exists a finite unramified extension F ′/F such that
the group scheme G ′ := GOF ′ obtained by extending scalars from OF to
OF ′ has the property that the identity component of the special fiber
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of G ′ is the extension of a split reductive group over the residue field of
OF ′ by a connected unipotent group. In particular, we denote this split
reductive group by (G ′x)
red in the case G = Gx. The groupG determines
a pair of diagrams, the local Dynkin diagram (by which we mean the
absolute local Dynkin diagram) and the relative local Dynkin diagram
and a map from the former to the latter; the Dynkin diagram of (G ′x)
red
can be constructed by deleting from the local Dynkin diagram all the
vertices mapping to the vertex in the relative local Dynkin diagram
which is associated to x and all edges connected to such vertices [Ti79,
3.5.2].
Recall that a connected semisimple group G over a local field F is
unramified if G has an F -rational Borel subgroup and G splits over an
unramified extension of F . The group G is unramified if and only if
B(G, F ) has a hyperspecial vertex.
Theorem 2.14. Let ℓ ≥ 5 be a prime. LetG be a connected semisimple
group of (absolute) rank r over a local field F/Qℓ with residue field Fℓf
and Γ a compact subgroup of G(F ).
(i) The total ℓ-rank of Γ is at most fr.
(ii) If rkℓ Γ = fr, then G splits over an unramified finite extension of
F .
(iii) If rkℓ Γ = fr, then there exists a positive integer d such that G
is unramified over every totally ramified extension F t/F whose
degree is divisible by d.
Proof. Replacing G by its simply connected cover and Γ by a suitable
central extension, we may assume G is simply connected. It therefore
factors as a product of groups Gi which are simply connected and
quasisimple. Let x denote a vertex of the building B(G, F ) stabilized
by Γ. As Γ is a closed subgroup of the stabilizer of x, its total ℓ-rank
is bounded above by that of B(G, F )x by Lemma 2.13, so without loss
of generality, we may assume Γ = B(G, F )x. The building of G is the
product of the buildings of the Gi [Ti79, §2.1], so x = (x1, . . . , xk), and
Gx =
∏
i
(Gi)xi.
As rank is additive in products, it suffices to prove the theorem in the
quasisimple case.
Thus, there exist a finite extension F ′/F and an absolutely quasisim-
ple group G′/F ′ such that G = ResF ′/F G
′. Then G(F ) = G′(F ′). If
r′ denotes the absolute rank of G′, ℓf
′
is the order of the residue field
of F ′, and e is the ramification degree of F ′/F , then
r = [F ′ : F ]r′ = e(f ′/f)r′,
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so rkℓ Γ ≤ f
′r′ implies rkℓ Γ ≤ fr, with strict inequality if e > 1.
If e = 1, then F ′/F is unramified. If G′ splits over an unramified
extension F ′′ of F ′, then G also splits over F ′′, which is unramified
over F . If F t is totally ramified over F , it is linearly disjoint from F ′
over F . Thus if G′ is quasi-split over F ′F t, it has a Borel subgroup B′
defined over F ′F t, and the restriction of scalars ResF ′F t/F t B
′ is an F t-
rational Borel subgroup of G. Any finite unramified extension of F ′F t
is of the form F ′′F t, where F ′′ is an unramified extension of F , so if T′
is a maximal torus of G′ defined over F ′F t and split over F ′′F t, then
ResF ′F t/F t T
′ is defined over F t and split over the unramified extension
F ′′F t of F t. Thus, if (i)–(iii) hold for (G′, F ′), they hold for (G, F ), and
without loss of generality, we may assume G is absolutely quasisimple.
As the kernel of Gx(OF ) → Gx(Fℓf ) is pro-ℓ, the total ℓ-ranks of Γ
and Gx(Fℓf ) are equal. Now Gx(Fℓf ) is the group of Fℓf -points of an
algebraic group which is the extension of the reductive group Gredx by
a unipotent group. Thus, rkℓ Gx(Fℓf ) is f times the semisimple rank
of Gredx . We claim this is less than or equal to fr with equality only if
G splits over an unramified extension and has a Borel over a totally
ramified extension. In other words, the number of vertices in the local
Dynkin diagram is at most one greater than the absolute rank ofG, and
G satisfies the stated conditions whenever there is equality and some
vertex in the local Dynkin diagram is Galois-stable. By definition, the
number of vertices in the local Dynkin diagram is one greater than
the rank of G over the maximal unramified extension of F , so the
inequality holds in general. When equality holds, the relative rank of
G over F nr equals r, so G splits over F nr and therefore over some finite
unramified extension of F . To list the cases when equality holds, we
consult the tables [Ti79, §§4.2–4.3]; the possible types include all split
types together with the following possibilities:
2A′r,
2Br,
2C2m,
2Dr,
2D′r,
2D′′2m,
3D4,
4D2m,
2E6,
3E6,
2E7.
Every split group is already unramified. The groups 2A′r,
2Dr,
3D4,
and 2E6 also have hyperspecial vertices [Ti79, §4.3] and are therefore
unramified. To see that in the remaining cases, G becomes unramified
over every totally ramified extension of specified degree d, we examine
the explicit descriptions [Ti79, §4.4]. The cases 2C2m and
2E7 are inner
forms of a split group (since C2m and E7 have no non-trivial outer
automorphisms) and therefore split over every extension of some degree
d by Proposition 2.6. The same is true for 3E6, since its index
1E166,2
has presuperscript 1. The quaternionic orthogonal groups 2D′′2m and
4D2m become ordinary orthogonal groups after passage to any ramified
quadratic extension of F since each such extension splits the quaternion
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algebra over F . This leaves the cases of orthogonal groups of quadratic
forms.
By passing to any ramified quadratic extension F ′/F , we may assume
that the form Q defining G is u1x
2
1+ · · ·+unx
2
n, where the ui are units
in OF ′. We claim that assuming ℓ ≥ 3, there exists a plane hyperbolic
with respect to Q contained in the 3-dimensional locus x4 = x5 = · · · =
xn = 0. Indeed, the quadratic form u1x
2
1+u2x
2
2+u3x
2
3 defines a form of
SO(3); the space (F ′)3 of triples (x1, x2, x3) contains a hyperbolic plane
if and only if this form is split, i.e., if and only if there is a non-zero
isotropic vector. Such a vector exists since u¯1x
2
1 + u¯2x
2
2 + u¯3x
2
3 defines
a projective conic over Fℓf . By Hensel’s lemma, every solution lifts to
an isotropic vector in (F ′)3. By induction, we conclude that Q defines
a quadratic form of Witt index ≥ n/2 − 1, which by [Ti79, §4.4] is
unramified. 
Corollary 2.15. Assuming, in the notation of Theorem 2.14, that
rkℓ Γ = fr, there exists a finite totally ramified extension F
′ of F , a
smooth group scheme G over OF ′ with semisimple fibers, and an isomor-
phism i from the generic fiber of G to GF ′ such that Γ ⊂ i(G(OF ′)) ⊂
G(F ′).
Proof. This follows immediately from Theorem 2.14 and [La95, Lemma
2.4]. 
2.5. Commutants and semisimplicity. Let F be a finite extension
of Qℓ, V an n-dimensional F -vector space, Λ an OF -lattice in V , and
Γ a closed subgroup of GL(Λ) ∼= GLn(OF ) ⊂ GLn(F ) ∼= GL(V ). If
F ′ is a finite extension of F , we can regard Γ also as a subgroup of
GL(Λ′) ∼= GLn(OF ′), where Λ
′ = Λ ⊗OF OF ′. Let π (resp. π
′) be a
uniformizer of OF (resp. OF ′) and define V
′ := V ⊗F F
′. We have the
following results under this setting.
Lemma 2.16. The group Γ acts semisimply on V ′ if and only if it acts
semisimply on V , and
dimF ′ EndΓ V
′ = dimF EndΓ V.
Likewise, Γ acts semisimply on the reduction L := Λ/πΛ if and only if
it acts semisimply on L′ := Λ′/π′Λ′. Moreover,
dimOF /(π) EndΓ L = dimOF ′/(π′) EndΓ L
′.
Proof. This is clear. 
Lemma 2.17. Let W be a subspace of V . Then Λ ∩ W is a direct
summand of Λ.
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Proof. As every finitely generated torsion-free module over a discrete
valuation ring is free, it suffices to prove that Λ/Λ ∩W is torsion-free.
Let x ∈ Λ such that αx ∈ Λ ∩W for some non-zero α ∈ OF . Then
x ∈ α−1W = W so x ∈ Λ ∩W . 
Lemma 2.18. Let M be a free OF -module of finite rank and Γ a sub-
group of AutOF M . Then for all k ≥ 1,
MΓ/πkMΓ ⊂ (M/πkM)Γ.
Moreover, the inclusion is either proper for all k ≥ 1 or is an equality
for all k ≥ 1.
Proof. We use the following diagram of cohomology sequences:
0 // MΓ
π //
1

MΓ //
πk−1

(M/πM)Γ //
πk−1

H1(Γ,M)
1

0 // MΓ
πk // MΓ // (M/πkM)Γ // H1(Γ,M)
.
The first claim follows from the second row. As the rightmost vertical
arrow is an isomorphism, MΓ/πMΓ ( (M/πM)Γ implies MΓ/πkMΓ (
(M/πkM)Γ for all k ≥ 1. Conversely, if MΓ/πMΓ = (M/πM)Γ, the
cohomology sequence
0→ (M/πM)Γ → (M/πkM)Γ → (M/πk−1M)Γ → · · ·
implies by induction on k that
|(M/πkM)Γ| ≤ |(M/πM)Γ|k = |MΓ/πMΓ|k = |MΓ/πkMΓ|
for all k ≥ 1, which implies (M/πkM)Γ = MΓ/πkMΓ.

Lemma 2.19. Let F be a perfect field and V a finite-dimensional vector
space over V . Let H be a subgroup of G ⊆ GL(V ). Let V ss be the
semisimplification of G on V , Hred and Gred the images of H and G
respectively in GL(V ss). We have:
(i) dimF EndG V ≤ dimF EndGred V
ss.
(ii) If dimF EndG V ≥ dimF EndGred V
ss, then G acts semisimply on
V .
(iii) If H acts semisimply on V and dimF EndG V ≥ dimF EndH V ,
then G acts semisimply on V .
Proof. We identify V and V ss by fixing a Jordan-Ho¨lder series 0 = V0 ⊂
V1 ⊂ V2 ⊂ · · · ⊂ Vk = V of V as G-representation and fixing splittings
Vi+1 ∼= Vi ⊕ Vi+1/Vi.
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Let A andAred be respectively the F -algebras in End V and End V ss ∼=
EndV spanned by G and Gred. Then we obtain
EndG V = EndA V
EndGred V
ss = EndAred V
ss.
By a theorem of Wedderburn [Ho45], the surjection A→ Ared admits a
splitting whose image we call B. By the Wedderburn-Malcev theorem
[Op. cit.], the representation of B on V is isomorphic to that of Ared
on V ss, so
EndA V ⊆ EndB V ∼= EndAred V
ss.
This gives (i).
The hypothesis on the dimensions of commutants implies EndA V =
EndB V . Since B is semisimple, B cannot be a proper subspace of A by
the double centralizer theorem. Hence, B = A and G acts semisimply
on V , which gives (ii).
Since H acts semisimply on V , the representations H → GL(V ) and
Hred → GL(V ss) are isomorphic. This implies
dimF EndG V ≥ dimF EndH V = dimF EndHred(V
ss)
≥ dimF EndGred(V
ss).
Then (iii) follows from (i) and (ii). 
Proposition 2.20. Let F be a characteristic zero local field with val-
uation ring OF and residue field Fq. Let V be a finite-dimensional
vector space over F and Γ a compact subgroup of GL(V ) which acts
semisimply on V . The following conditions are equivalent:
(i) For some Γ-stable lattice Λ of V , Λ⊗OF Fq is semisimple, and
dimF EndΓ V = dimFq EndΓ(Λ⊗OF Fq).
(ii) For every Γ-subrepresentation W of V and every Γ-stable lattice
ΛW of W , ΛW ⊗OF Fq is semisimple, and
dimF EndΓW = dimFq EndΓ(ΛW ⊗OF Fq).
(iii) The following two conditions hold:
(a) If W is an irreducible Γ-subrepresentation of V , and ΛW a
Γ-stable lattice of W , then ΛW ⊗OF Fq is semisimple, and
dimF EndΓW = dimFq EndΓ(ΛW ⊗OF Fq).
(b) IfW1 andW2 are non-isomorphic irreducible Γ-subrepresentations
of V and Λ1 and Λ2 Γ-stable lattices of W1 and W2 respec-
tively, then Λ1 ⊗OF Fq and Λ2 ⊗OF Fq have no common irre-
ducible Γ-subrepresentation.
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Proof. Assume condition (i), and let W and W ′ be any subrepresenta-
tions of V and Λ and Λ′ stable lattices in W and W ′ respectively.
Applying Lemma 2.17 and Lemma 2.18 to M = HomOF (Λ,Λ
′) ⊂
HomΓ(W,W
′), we obtain
dimF HomΓ(W,W
′) = rkHomΓ(Λ,Λ
′)
≤ dimFq HomΓ(Λ⊗OF Fq,Λ
′ ⊗OF Fq).
(4)
If W1 and W2 are complementary Γ-subrepresentations of V with Γ-
stable lattices Λ1 and Λ2 respectively, then by Lemma 2.19 and the
Brauer-Nesbitt theorem, we obtain
dimFq EndΓ(Λ⊗OF Fq) ≥ dimFq EndΓ(Λ1 ⊕ Λ2)⊗OF Fq
=
2∑
i=1
2∑
j=1
dimFq HomΓ(Λi ⊗OF Fq,Λj ⊗OF Fq)
≥
2∑
i=1
2∑
j=1
dimF HomΓ(Λi ⊗OF F,Λj ⊗OF F )
= dimF EndΓ V,
where equality holds only if Λi⊗OF Fq is semisimple for i = 1 and i = 2
and equality holds in (4) for W = W ′ = W1 and W = W
′ = W2. This
implies (ii).
Condition (ii) implies (iii-a) trivially and (iii-b) by setting W =
W1 +W2.
Given condition (iii), if W a11 ⊕· · ·⊕W
ak
k is a decomposition of V into
pairwise non-isomorphic Γ-representations, then choosing for each sum-
mandW aii a Γ-stable lattice of the form Λ
ai
i and setting Λ =
∑
i Λ
ai
i , we
see that Λ⊗OF Fq is a direct sum of isotypic semisimple representations
(Λi⊗OF Fq)
ai , where the representations Λi⊗OF Fq are pairwise without
common irreducible factor. Thus, Λ⊗OF Fq is semisimple, and
dimF EndΓ V =
k∑
i=1
a2i dimF EndΓWi
=
k∑
i=1
a2i dimFq EndΓ(Λi ⊗OF Fq) = dimFq EndΓ(Λ⊗OF Fq).

Corollary 2.21. Let V be a finite-dimensional vector space over Qℓ
and Γ a compact subgroup of GL(V ) which acts semisimply on V . The
following conditions are equivalent:
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(i) For some Γ-stable lattice Λ of V , ΛW ⊗ Fℓ is semisimple, and
dimQℓ EndΓ V = dimFℓ EndΓ(Λ⊗ Fℓ).
(ii) If F is a finite extension of Qℓ with residue field Fq such that every
irreducible Γ-subrepresentation of V ⊗F is absolutely irreducible,
then the following two conditions hold:
(a) If W is an irreducible Γ-subrepresentation of V ⊗ F , and
ΛW a Γ-stable OF -lattice of W , then ΛW ⊗OF Fℓ is absolutely
irreducible.
(b) IfW1 andW2 are non-isomorphic irreducible Γ-subrepresentations
of V ⊗ F and Λ1 and Λ2 Γ-stable OF -lattices of W1 and W2
respectively, then Λ1⊗OF Fq and Λ2⊗Fq are not isomorphic.
Proof. Let F be the finite extension of Qℓ in condition (ii). Tensoring
by OF over Zℓ, we see by Lemma 2.16 that condition (i) is equivalent
to condition (i) of Proposition 2.20. Regarding Γ as a subgroup of
AutF (V ⊗F ), by absolute irreducibility, conditions (iii-a) and (iii-b) of
Proposition 2.20 correspond to conditions (ii-a) and (ii-b) respectively.

3. Maximality of Galois actions
Let {ρℓ}ℓ be the system of ℓ-adic representations in Theorem 1.3. Re-
call that for each ℓ, ρℓ stabilizes the image ofH
i(XK¯ ,Zℓ) inH
i(X¯,Qℓ) ∼=
Qnℓ , and
ρ¯ssℓ : GalK → GLn(Fℓ)
denotes the semisimplification of the (mod ℓ) reduction of the action
of GalK on this lattice. Denote by Gℓ the image ρ¯
ss
ℓ (GalK) for all ℓ. In
[Hu15], we construct the algebraic envelope1 Gℓ (a connected reductive
subgroup of GLn,Fℓ) of Gℓ to study the ℓ-independence of the total
ℓ-rank and the g-type ℓ-rank of Gℓ for all sufficiently large ℓ. The
idea of constructing such a Gℓ is due to Serre [Se86], who considered
the Galois action on the ℓ-torsion points of abelian varieties without
complex multiplication (see also [Ca15]).
3.1. The algebraic envelope. In this subsection, we describe the
results of [Hu15]. For all ℓ sufficiently large, there exists a connected
reductive Fℓ-subgroup Gℓ of GLn,Fℓ. Moreover, Gℓ = SℓZℓ where Sℓ
is the semisimple subgroup of GLn associated to Gℓ by Nori’s theory
(§2.1) and Zℓ is the identity component of the center of Gℓ. Theorem
3.1 states some basic properties of the algebraic envelopes.
1The algebraic envelope is denoted by G¯ℓ in [Hu15]. Here we follow the notation
of [Se86].
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Theorem 3.1. [Hu15, Theorem 2.0.5, the proof of Theorem 2.0.5(iii)]
After replacing K by a finite extension field if necessary, for all suf-
ficiently large ℓ, the algebraic envelope Gℓ ⊆ GLn,Fℓ has the following
properties:
(i) Gℓ is a subgroup of Gℓ(Fℓ) whose index is bounded uniformly in
ℓ;
(ii) Gℓ acts semisimply on the ambient space;
(iii) the representations {Sℓ → GLn,Fℓ}ℓ≫0 and {Zℓ → GLn,Fℓ}ℓ≫0
have bounded formal characters.
Since Theorem 1.3 holds for K if it holds for any finite extension of
K, we may and do assume henceforth that Gℓ ⊆ Gℓ(Fℓ). Theorems 3.2
and Corollary 3.3 below are about the ℓ-independence of the embedding
Sℓ ⊂ GLn,Fℓ and the ℓ-ranks of Gℓ for all sufficiently large ℓ.
We recall from [Hu15, Definition 3] that, over an algebraically closed
field F (of any characteristic), if GF is a connected reductive alge-
braic group defined over F , TF is a maximal torus of GF , and V is
a faithful n-dimensional representation of GF , the formal character of
(GF , V ) with respect to TF is
∑
χ∈X∗(TF )
mχ[χ] ∈ Z[X
∗(TF )], where
mχ denotes the multiplicity of the character χ of TF in V . If F is not
algebraically closed, we extend scalars to F¯ and use the same definition.
We consider the formal characters of (GF1,TF1, V1) and (GF2,TF2, V2)
to be the same if there exists an isomorphism X∗(TF¯1) → X
∗(TF¯2)
with respect to which the formal characters of (GFi,TF¯i, Vi) are the
same. In particular, given (GF , V ) the formal character does not de-
pend on the choice of maximal torus, which will therefore be omitted
from the notation.
The formal character of (GF , V ) defines a partition pV of n = dimV
by n =
∑
χmχ. There is a natural partial ordering on the partitions of
n given by refinement of partitions. Let g ∈ GF . The representation
V induces a partition pg of n given by the generalized eigenvalues of g.
Then we always have
(5) pg ≥ pV
and we say g is regular in (GF , V ) if pg = pV .
Theorem 3.2. [Hu15, Theorem A] Let Gℓ be the algebraic monodromy
group of ρℓ. After replacing K by a finite extension field if necessary,
the following statements hold for all sufficiently large ℓ.
(i) The formal character of Sℓ → GLn,Fℓ is independent of ℓ and is
equal to the formal character of Gderℓ →֒ GLn,Qℓ, the tautological
representation of the derived group of Gℓ;
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(ii) The non-abelian composition factors of Gℓ and the non-abelian
composition factors of Sℓ(Fℓ) are in bijective correspondence.
Thus, the composition factors of Gℓ are finite simple groups of
Lie type in characteristic ℓ and cyclic groups.
Corollary 3.3. [Hu15, Corollary B] For all sufficiently large ℓ, the
following statements hold.
(i) The total ℓ-rank of Gℓ is equal to the (absolute) rank of Sℓ and
is therefore independent of ℓ.
(ii) The An-type ℓ-rank rk
An
ℓ Gℓ of Gℓ for n ∈ N\{1, 2, 3, 4, 5, 7, 8}
and the parity of (rkA4ℓ Gℓ)/4 are independent of ℓ.
3.2. The condition (∗). The main result of this subsection is to re-
duce the condition (∗) of Theorem 1.3 to the semisimple part. Denote
the commutants EndΓℓ(Q
n
ℓ ) and EndGℓ(F
n
ℓ ) by respectively, Ξℓ and Xℓ.
Lemma 3.4. Let F be a field, G a finite group, H a normal subgroup
of G such that [G : H ] is non-zero in F , and V a finite-dimensional F -
representation of G. Then V is semisimple if and only if its restriction
to H is so.
Proof. This is well known [CR88, §10, Exercise 8]. 
Lemma 3.5. Given integers k and N and ǫ > 0, for all ℓ sufficiently
large, all k-dimensional tori T over Fℓ, and all characters χ of T (not
necessarily defined over Fℓ) not divisible by any integer greater than N ,
we have
|{t ∈ T (Fℓ) | χ(t) = 1}|
|T (Fℓ)|
< ǫ.
Proof. If a subgroup of T (Fℓ) lies in kerχ, then it lies in kerχ
σ for all
σ ∈ GalFℓ . All of the χ
σ are k-bounded in the sense of [MR15, Appendix
A], and it follows from Lemma A.2 of that paper (or, alternatively,
from Proposition 1.4 and Theorem 1.10 of [LP11]) that the number of
components of the Fℓ-group
(6)
⋂
σ∈GalFℓ
kerχσ
is bounded in terms of the bounds on χ. Since an r-dimensional torus
over Fℓ has at least (ℓ − 1)
r and at most (ℓ + 1)r points over Fℓ and
since the dimension of (6) is less than dim T , Lemma 3.5 follows. 
Proposition 3.6. Let Hℓ be a subgroup of Gℓ(Fℓ) of index bounded
above by a constant k. Then the following statements hold if ℓ suffi-
ciently large.
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(i) Hℓ acts semisimply on the ambient space F
n
ℓ .
(ii) The commutant of Hℓ in End(F
n
ℓ ) is Xℓ.
(iii) The commutant of Gℓ in End(F
n
ℓ ) is Xℓ.
Proof. If ℓ > k, then every element of order ℓ in Gℓ(Fℓ) lies in Hℓ, so
H+ℓ = Gℓ(Fℓ)
+.
By Theorem 2.2, if ℓ is sufficiently large, H+ℓ is of prime-to-ℓ index in
Hℓ. Lemma 3.4 shows that Hℓ acts semisimply if and only if H
+
ℓ =
Gℓ(Fℓ)
+ does so, if and only if Gℓ(Fℓ) does so. Applying this in the
special case that Hℓ = Gℓ, which acts semisimply by definition, we
obtain (i).
For (ii) and (iii) it suffices to show that any element m ∈ Mn(F¯ℓ)
that commutes with Hℓ must commute with G(F¯ℓ). If m commutes
with Hℓ, it commutes with H
+
ℓ , which equals Sℓ(Fℓ)
+, by Theorem 2.1.
By (3), it commutes with Sℓ(F¯ℓ). As
Gℓ(F¯ℓ) = Sℓ(F¯ℓ)Zℓ(F¯ℓ),
it suffices to prove that for ℓ sufficiently large (independent of m), m
commutes with a bounded index subgroup of Zℓ(Fℓ) if and only if it
commutes with Zℓ(F¯ℓ).
Decomposing End(F¯nℓ ) into weight spaces under the action of Zℓ,
we show that for ℓ sufficiently large, any bounded index subgroup of
Zℓ(Fℓ) acts non-trivially on every non-trivial weight space. We know by
Theorem 3.1(iii), that every weight χ of Zℓ appearing in the represen-
tation End(F¯nℓ )
∼= (F¯nℓ )⊗(F¯
n
ℓ )
∗ is bounded independent of ℓ. Therefore,
there exists N ∈ N such that every χ 6= 0 is not divisible by any in-
teger greater than N for all ℓ ≫ 0. The proposition now follows from
Lemma 3.5. 
Let Gℓ denote the Zariski-closure of Γℓ = ρℓ(GalK). Assume K is
chosen large enough such that Gℓ is connected (reductive) for all ℓ and
Gℓ ⊂ Gℓ(Fℓ) for all ℓ ≫ 0. Let Γ
der
ℓ denote Γℓ ∩G
der(Qℓ). Then Γ
der
ℓ
is semisimple on Qnℓ . Let C > 0 be a constant. Suppose we have for
each ℓ, an open subgroup Γ′ℓ of Γ
der
ℓ such that the index [Γ
der
ℓ : Γ
′
ℓ] ≤ C.
Denote the image of Γderℓ (resp. Γ
′
ℓ) in Mn(Fℓ) by G
der
ℓ (resp. G
′
ℓ).
Lemma 3.7. For all sufficiently large ℓ, G+ℓ is a subgroup of G
′
ℓ.
Proof. By Theorem 2.1(ii),
[Sℓ(Fℓ), Sℓ(Fℓ)] ⊂ Sℓ(Fℓ)
+.
On the other hand, if ℓ ≥ 5, then Sscℓ (Fℓ) is the universal central ex-
tension of a product of finite simple groups of Lie type and therefore
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perfect. Thus, every element in the image of Sscℓ (Fℓ)→ Sℓ(Fℓ) is a com-
mutator of Sℓ(Fℓ). The converse is true as well, since the commutator
morphism Sscℓ × S
sc
ℓ → S
sc
ℓ factors through Sℓ × Sℓ. As S
sc
ℓ (Fℓ) is per-
fect, its quotient group [Sℓ(Fℓ), Sℓ(Fℓ)] is perfect as well and therefore
lies in
[Sℓ(Fℓ)
+, Sℓ(Fℓ)
+] ⊂ [Gℓ, Gℓ] = G
der
ℓ .
As G′ℓ is of index ≤ C in G
der
ℓ , it follows that G
′
ℓ ∩ [Sℓ(Fℓ), Sℓ(Fℓ)] is
of bounded index in S(Fℓ). If ℓ is sufficiently large, therefore, every
element of order ℓ belongs to G′ℓ, which implies the lemma.

Proposition 3.8. If ℓ is sufficiently large and
(7) dimQℓ EndΓℓ Q
n
ℓ = dimFℓ EndGℓ F
n
ℓ ,
then
(i) the mod ℓ representation ρ¯ℓ is semisimple;
(ii) G′ℓ is semisimple on F
n
ℓ and
(8) dimQℓ EndΓ′ℓ Q
n
ℓ = dimFℓ EndG′ℓ F
n
ℓ .
Proof. For assertion (i), Lemmas 2.17, 2.18 (for k = 1), 2.19(ii) and
(7) imply Gℓ = ρ¯ℓ(GalK) for ℓ ≫ 0, i.e., the mod ℓ reduction of ρℓ is
already semisimple for ℓ≫ 0.
For assertion (ii), we first perform a reduction. By Theorem 3.1, we
may and do assume Gℓ is of bounded index in Gℓ(Fℓ). Thus, Gℓ∩Zℓ(Fℓ)
is of bounded index in Zℓ(Fℓ) and G
+
ℓ is of bounded index in Sℓ(Fℓ).
Let
Dℓ := G
+
ℓ (Gℓ ∩ Zℓ(Fℓ)),
and let ∆ℓ denote the inverse image of Dℓ in Γℓ. Then ∆ℓ is normal
and of bounded index in Γℓ, hence still Zariski-dense in Gℓ, and its
commutator subgroup is still Zariski-dense in Gderℓ , so ∆
der
ℓ := ∆ℓ ∩
Gderℓ (Qℓ) is still Zariski-dense in G
der
ℓ . Let the image of ∆
der
ℓ inMn(Fℓ)
be Dderℓ . It follows that the left hand side of (7) (resp. (8)) does not
change when Γℓ is replaced with ∆ℓ (resp. Γ
′
ℓ is replaced with Γ
′
ℓ∩∆
der
ℓ ).
The right hand side of (7) does not change by Proposition 3.6, and the
right hand side of (8) could only increase in dimension when replacing
G′ℓ with G
′
ℓ ∩D
der
ℓ . On the other hand, Γ
′
ℓ ∩∆
der
ℓ is normal in Γ
′
ℓ with
index bounded above by a constant independent of ℓ. So it suffices to
prove (ii) for ∆ℓ (which we now denote Γℓ) instead of the original Γℓ.
Thus, we may and do assume that Gℓ is the product of G
+
ℓ and the
centralizer of G+ℓ in Gℓ.
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To prove (ii), we use Corollary 2.21 to replace (7) and (8) by con-
ditions (ii-a) and (ii-b) for Γ = Γℓ and Γ = Γ
′
ℓ. We fix a finite ex-
tension F of Qℓ over which F
n decomposes as a direct sum of abso-
lutely irreducible representations for Γℓ and Γ
′
ℓ. By Zariski-density,
the decomposition of F n into irreducible Gℓ-representations coincides
with its decomposition into irreducible Γℓ-representations, and like-
wise, the decomposition into Gderℓ -irreducibles coincides with the de-
composition into Γ′ℓ-irreducibles. As every Gℓ-irreducible restricts to a
Gderℓ -irreducible, the same is true for Γℓ-irreducibles and Γ
′
ℓ-irreducibles.
Likewise, any (absolutely) irreducible Gℓ representations restricts to an
absolutely irreducible G+ℓ representation, since Gℓ = G
+
ℓ ZGℓ(G
+
ℓ ) and
ZGℓ(G
+
ℓ ) maps into the center of EndW for any irreducible representa-
tionW of Gℓ (so the centralizers ZEndW (G
+
ℓ ) and ZEndW (Gℓ) coincide).
Since G+ℓ ⊂ G
′
ℓ for ℓ ≫ 0 (Lemma 3.7), (ii-a) for Γℓ implies (ii-a) for
Γ′ℓ.
For (ii-b), it suffices to show that if W1 ≇W2 are irreducible subrep-
resentations of Γ′ℓ in F
n, then their reductions as the representations of
G′ℓ are non-isomorphic for ℓ≫ 0. Since [Sℓ(Fℓ) : G
′
ℓ ∩ Sℓ(Fℓ)] ≤ C
′ (an
integer independent of ℓ) by Lemma 3.7 and Theorem 2.1, we obtain
[T ℓ(Fℓ) : G
′
ℓ ∩ T ℓ(Fℓ)] ≤ n
C′
by looking at the C ′th power morphism. Hence, for ℓ ≫ 0, we obtain
g ∈ G′ℓ∩T ℓ(Fℓ) that is regular in (Sℓ,F
n
ℓ ) (§3.1) by Theorem 3.2(i) and
Lemma 3.5. Let γ ∈ Γ′ℓ ⊂ G
der
ℓ ⊂ GLQnℓ be a lift of g. By (5), the
following inequalities on the partitions of n hold for ℓ≫ 0:
pFn
ℓ
= pg ≥ pγ ≥ pQn
ℓ
.
Since we have pFn
ℓ
= pQn
ℓ
for ℓ ≫ 0 by Theorem 3.2(i), we obtain
pg = pγ and γ is regular for ℓ ≫ 0. For ℓ ≫ 0, this implies the
characteristic polynomials of γ onW1 andW2 are different. As pg = pγ,
the characteristic polynomials of γ on the reductions of W1 and W2 are
also different. We are done. 
3.3. Groups comparable with Γscℓ . Let {ρℓ}ℓ be the system of ℓ-adic
representations in Theorem 1.3. The main result of this subsection is
the construction of subgroups G′ℓ ⊂ Hℓ ⊂ Iℓ of GLn(Fℓ) with the
same total ℓ-rank and commutant such that for ℓ≫ 0, G′ℓ and Γ
sc
ℓ are
comparable (i.e., they have the same ℓ-ranks for all g) and dimℓ Iℓ =
dimGscℓ .
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Recall that Gssℓ denotes the quotient of Gℓ by its connected center
and Gscℓ denotes the universal cover of G
der
ℓ . Thus, we have a diagram
Gℓ
"" ""❊
❊
❊
❊
❊
❊
❊
❊
Gscℓ
πℓ // Gderℓ
//
?
OO
Gssℓ
where the horizontal arrows are central isogenies. Recall that Γssℓ de-
notes the image of Γℓ in G
ss
ℓ (Qℓ), so Γ
sc
ℓ , the preimage in G
sc
ℓ (Qℓ) of
Γssℓ , contains the inverse image of Γ
der
ℓ = Γℓ ∩G
der(Qℓ) in G
sc
ℓ (Qℓ) as a
normal subgroup with abelian quotient. Henceforth, we set
Γ′ℓ := Γ
der
ℓ ∩ πℓ(Γ
sc
ℓ ),
so in Gderℓ (Qℓ) we have
(9) Γderℓ ⊃ Γ
′
ℓ ⊂ πℓ(Γ
sc
ℓ ),
and by Corollary 2.5, there exists a constant C > 0 depending only on
n such that for all ℓ,
(10) [Γderℓ : Γ
′
ℓ] ≤ C.
As we have seen, for each prime ℓ, Γscℓ fixes some vertex x0 in the
Bruhat-Tits building of Gscℓ /Qℓ. The vertex x0 ∈ B(G
sc
ℓ ,Qℓ) corre-
sponds to a group scheme H/Zℓ with generic fiber isomorphic to G
sc
ℓ .
By Lemma 2.11, Theorem 3.2(i), and Corollary 3.3(i),
rkℓ Γ
sc
ℓ = rkℓGℓ = rkSℓ = rkG
sc
ℓ .
Corollary 2.15 implies there exists some finite totally ramified extension
F/Qℓ so that the group scheme I/OF corresponding to ιF,Qℓ(x0) ∈
B(Gscℓ ×Qℓ F, F ) is semisimple (i.e., the special fiber is so). The special
fiber therefore has the same Dynkin diagram as Gscℓ . The construction
gives the following subgroups of Gscℓ (F ):
(11) Γscℓ ⊂ H(Zℓ) ⊂ I(OF ).
For all sufficiently large ℓ, let
(12) rℓ : End(H
i(XK¯ ,Zℓ)) ∼= Mn(Zℓ)→ End(H
i(XK¯ ,Fℓ)) ∼= Mn(Fℓ)
be the mod ℓ reduction. Then G′ℓ ⊂ G
der
ℓ ⊂ Gℓ is the image of Γ
′
ℓ ⊂
Γderℓ ⊂ Γℓ under rℓ (Proposition 3.8(i)). We define the commutants
Ξ′ℓ = EndΓ′ℓ(Q
n
ℓ ) = EndΓderℓ (Q
n
ℓ ),
X ′ℓ = EndG′ℓ(F
n
ℓ ).
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Proposition 3.9. For all sufficiently large ℓ, there exist subgroups Hℓ
and Iℓ of GLn(Fℓ) with
Gderℓ ⊃ G
′
ℓ ⊂ Hℓ ⊂ Iℓ
such that the following assertions hold.
(i) X ′ℓ is the commutant of Iℓ in End(F
n
ℓ ).
(ii) G′ℓ, Hℓ, and Iℓ act semisimply on F
n
ℓ .
(iii) rkℓG
′
ℓ = rkℓHℓ = rkℓ Iℓ.
(iv) dimℓ Iℓ = dimG
sc
ℓ .
Proof. As F is totally ramified over Qℓ and I is smooth, the reduction
map
rI : I(OF )→ I(Fℓ)
is surjective. For ℓ≫ 0, the following inequalities hold by the semisim-
plicity of I/OF , (11), Theorem 2.9(i), and Lemma 2.13:
rkGscℓ = rk IF = rk IFℓ ≥ rkℓ(I(Fℓ))
≥ rkℓ rI(H(Zℓ)) = rkℓH(Zℓ) ≥ rkℓ Γ
sc
ℓ .
(13)
By Theorem 3.2(i), Corollary 3.3(i), and Lemma 2.11, we obtain for
ℓ≫ 0 that
(14) rkGscℓ = rkSℓ = rkℓGℓ = rkℓ Γℓ = rkℓ Γ
sc
ℓ = rkℓ πℓ(Γ
sc
ℓ ).
Hence, equality holds everywhere in (13). Therefore, we obtain
(15) rkℓ Γ
sc
ℓ = rkℓH(Zℓ) = rkℓ I(OF ).
By (9) and (11), we obtain the following inclusions
(16)
Γderℓ ⊃ Γ
′
ℓ ⊂ πℓ(Γ
sc
ℓ ) ⊂ πℓ(H(Zℓ)) ⊂ πℓ(I(OF )) ⊂ G
der
ℓ (F ) ⊂ GLn(F ).
Let ΛF be an OF -lattice of F
n stabilized by πℓ(I(OF )). Since the
commutant of Gderℓ (F ) in End(F
n) is Ξ′ℓ ⊗ F , πℓ(I(OF )) commutes
with
(Ξ′ℓ ⊗Qℓ F ) ∩ End(ΛF ).
By Lemma 2.17, (Ξ′ℓ⊗Qℓ F )∩End(ΛF )
∼= O
dimQℓ Ξ
′
ℓ
F is a direct summand
of End(ΛF ). By reduction modulo the maximal ideal λOF of OF , we
obtain the reduction map
rλ : EndOF (ΛF )։ End(Lℓ)
so that Lℓ ∼= F
n
ℓ . Applying rλ to (16), we obtain
(17) rλ(Γ
′
ℓ) ⊂ rλπℓ(Γ
sc
ℓ ) ⊂ rλπℓ(H(Zℓ)) ⊂ rλπℓ(I(OF )),
all of which commute with
(18) rλ((Ξ
′
ℓ ⊗Qℓ F ) ∩ End(ΛF ))
∼= F
dimQℓ Ξ
′
ℓ
ℓ = F
dimFℓ X
′
ℓ
ℓ
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for ℓ ≫ 0, where the last equality follows from (10) and Proposition
3.8(ii). Since the representations of Γ′ℓ on F
n
ℓ (via rℓ in (12)) and on
Lℓ (via rλ) have the same trace and the former one is semisimple for
ℓ ≫ 0 (Proposition 3.8(ii)), the latter one is the semisimplification of
the former one for ℓ ≫ 0. By (18) and Lemma 2.19(ii), we conclude
that the two representations are isomorphic for ℓ ≫ 0. Identifying Fnℓ
with Lℓ and defining G
′
ℓ, Hℓ, and Iℓ suitably, (17) becomes
(19) G′ℓ ⊂ rλπℓ(Γ
sc
ℓ ) ⊂ Hℓ ⊂ Iℓ ⊂ GLn(Fℓ).
Since EndG′
ℓ
(Fnℓ ) =: X
′
ℓ and the groups in (17) commute with (18) for
ℓ≫ 0, the groups in (17) act semisimply on Fnℓ with commutant X
′
ℓ by
Lemma 2.19. This gives assertions (i) and (ii). Assertion (iii) follows
easily from (15) and Lemma 2.11. Assertion (iv) follows from the con-
struction of Iℓ, the fact that I/OF is semisimple, and the definition of
ℓ-dimension (§2.3). 
3.4. Proofs of the theorems. We prove the theorems in §1.
Theorem 1.3. Let {ρℓ}ℓ be the system of ℓ-adic representations arising
as the semisimplification of the ith ℓ-adic cohomology of a complete
smooth variety X defined over a number field K. We assume K is large
enough that Gℓ is connected for all ℓ and Gℓ := ρ¯
ss
ℓ (GalK) ⊂ Gℓ(Fℓ) for
all sufficiently large ℓ. Denote the image of GalK under ρℓ by Γℓ. If the
commutants of Γℓ and Gℓ have the same dimension for all sufficiently
large ℓ, i.e.,
(∗) dimQℓ EndΓℓ(Q
n
ℓ ) = dimFℓ EndGℓ(F
n
ℓ ) ∀ℓ≫ 0,
then Γscℓ is a hyperspecial maximal compact subgroup of G
sc
ℓ (Qℓ) for all
sufficiently large ℓ.
Proof. From §3.3, we have smooth group schemes H/Zℓ and I/OF , and
Hℓ and Iℓ satisfy the conditions of Proposition 3.9 for ℓ≫ 0. We first
show that H/Zℓ is semisimple and H(Zℓ) is a hyperspecial maximal
compact subgroup of Gscℓ (Qℓ) for ℓ≫ 0. Let
G′ℓ ⊂ Hℓ ⊂ Iℓ
be the Nori envelopes of G′ℓ, Hℓ, and Iℓ respectively. Since the envelopes
are connected semisimple (Propositions 3.9(ii) and 2.3(i)), have the
same rank (Propositions 3.9(iii), 2.7, and 2.8(ii)), and the same com-
mutant (Proposition 3.9(i)), they coincide by the Borel-de Siebenthal
Theorem [BdS49] for ℓ≫ 0. Then the following groups are comparable
for ℓ≫ 0 by Proposition 2.7, Theorem 2.1, and Lemma 2.11:
(20) G′ℓ, Hℓ, Iℓ,H(Zℓ),H(Fℓ).
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Hence, we obtain by Proposition 3.9(iv) that
dimℓH(Fℓ) = dimℓH(Zℓ) = dimℓHℓ = dimℓ Iℓ = dimG
sc
ℓ = dimHFℓ .
Since the special fiberHFℓ is connected (§3.3), it is semisimple for ℓ≫ 0
by Theorem 2.9(iv), which means that H/Zℓ is semisimple and H(Zℓ)
is hyperspecial maximal compact in Gscℓ (Qℓ) [Ti79, §3.8].
To prove the theorem, it suffices to show that the inclusion Γscℓ ⊂
H(Zℓ) is actually an equality for ℓ≫ 0. Since H/Zℓ is semisimple and
the generic fiber Gscℓ is simply connected, the special fiber HFℓ is also
simply connected. Let rH : H(Zℓ) → H(Fℓ) be the reduction map. By
Lemma 2.11, and (20), the groups
(21) rH(Γ
sc
ℓ ) ⊂ H(Fℓ)
are comparable for ℓ≫ 0. By Theorem 2.9(iii), (21) is an equality for
ℓ ≫ 0. Then by the main theorem of [Va03], we obtain Γscℓ = H(Zℓ)
for ℓ≫ 0. 
Corollary 1.6. Let {ρℓ}ℓ be the system in Theorem 1.3. Then G
red
ℓ is
unramified for all sufficiently large ℓ.
Proof. We need to show that Gredℓ is quasi-split and splits after an
unramified extension for ℓ≫ 0. Since Gscℓ (Qℓ) contains a hyperspecial
maximal compact subgroup for ℓ ≫ 0 by Theorem 1.3, Gscℓ is quasi-
split for ℓ ≫ 0 (see [Ti79], [Mi92, §1]). By construction, Gssℓ and thus
Gredℓ are quasi-split for ℓ ≫ 0. By the method of Frobenius tori (see
[Se81, Ch92, LP97]), there exists a Q-torus TQ such that TQ × Qℓ is
isomorphic to a maximal torus ofGredℓ for ℓ≫ 0. Therefore, G
red
ℓ splits
after an unramified extension for ℓ≫ 0. 
Without the hypothesis (∗), we still have the following.
Theorem 1.7. Let {ρℓ}ℓ be any system of ℓ-adic representations aris-
ing from the ith ℓ-adic cohomology of a complete smooth variety X
defined over a number field K. Then the following statements hold for
all sufficiently large ℓ.
(i) Gredℓ splits over a finite unramified extension of Qℓ.
(ii) Gredℓ is unramified over a totally ramified extension of Qℓ.
Proof. As in the proof of Corollary 1.6, there exists a Q-torus TQ such
that TQ × Qℓ is isomorphic to a maximal torus of G
red
ℓ for ℓ ≫ 0. It
suffices to show the derived group of Gredℓ satisfies the conditions in (i)
and (ii) for ℓ ≫ 0. Since rkℓ Γ
sc
ℓ = rkG
sc
ℓ for ℓ ≫ 0 (Theorem 3.2(i)
and Corollary 3.3(i)), (ii) follows from Theorem 2.14(iii). 
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Let X be a g-dimensional abelian variety defined over a number field
K. For any finite field extension L of K, denote by RL the ring of
endomorphisms of XL. Denote the group of m-torsion points of XK¯ by
X [m]. Then GalK acts on the ℓ-adic Tate module of X ,
Tℓ(X) := lim
←−
k
X [ℓk] ∼= Z
2g
ℓ
for each ℓ. We have the following celebrated theorem of Faltings.
Theorem 3.10. [Fa83, FW84],(see also [Se84a]) Let X be an abelian
variety defined over number field K. Then the following statements
hold for any finite extension L/K.
(i) The action of GalL on Tℓ(X)⊗ZℓQℓ is semisimple and the map
RL ⊗ Zℓ → EndGalL(Tℓ(X))
is an isomorphism for every ℓ.
(ii) The action of GalL on X [ℓ] is semisimple and the map
RL ⊗ Fℓ → EndGalL(X [ℓ])
is an isomorphism for all sufficiently large ℓ.
We are now ready to prove Theorem 1.8.
Theorem 1.8. Let {ρℓ}ℓ be a system of ℓ-adic representations arising
from the ith ℓ-adic cohomology of an abelian variety X defined over a
number field K. Then Γscℓ is a hyperspecial maximal compact subgroup
of Gscℓ (Qℓ) for all sufficiently large ℓ.
Proof. Suppose i = 1. Let L/K be a finite extension such that ∆ℓ :=
ρℓ(GalL) ⊂ G
◦
ℓ(Qℓ) for all ℓ and Dℓ := ρ¯
ss
ℓ (GalL) ⊂ Gℓ(Fℓ) for all
sufficiently large ℓ. Since the ℓ-adic representations H1(XK¯ ,Qℓ) and
Tℓ(X) ⊗Zℓ Qℓ are dual to each other, the system {ρℓ}ℓ is semisimple
by Theorem 3.10(i). Since the Fℓ-representation X [ℓ] is semisimple for
ℓ≫ 0 by Theorem 3.10(ii), the mod ℓ representation ρ¯ssℓ associated to
ρℓ is also dual to X [ℓ] for ℓ≫ 0. Hence, we obtain
(∗) dimQℓ EndGalL(Q
2g
ℓ ) = dimQR
L ⊗Q = dimFℓ EndGalL(F
2g
ℓ )
for all sufficiently large ℓ by Theorem 3.10. Therefore, Γscℓ ⊂ G
sc
ℓ (Qℓ)
is hyperspecial maximal compact for all sufficiently large ℓ by Theorem
1.3.
Since H i(XK¯ ,Qℓ) ∼=
∧iH1(XK¯ ,Qℓ) for 0 ≤ i ≤ 2g, denote by ∧i Γℓ
and
∧i
Gℓ respectively the Galois image and the algebraic monodromy
group of the representation H i(XK¯ ,Qℓ). Since
∧0
Gℓ is trivial and∧2g
Gℓ = Gm is abelian, (
∧i
Gℓ)
sc is trivial and the assertion is always
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true. For 0 < i < 2g, Gℓ →
∧i
Gℓ is always an isogeny, which implies
Gscℓ = (
∧i
Gℓ)
sc and
Γscℓ ⊂ (
i∧
Γℓ)
sc ⊂ Gscℓ (Qℓ).
Since Γscℓ is hyperspecial maximal compact in G
sc
ℓ (Qℓ) for ℓ ≫ 0, this
is also true for (
∧i Γℓ)sc. 
Corollary 1.9. Let {ρℓ}ℓ be the system in Theorem 1.8. Let G be a
connected reductive affine group scheme defined over Z[1/N ] for some
N ≥ 1 such that
(i) the derived group scheme Gder of G is simply connected;
(ii) Γℓ ⊂ G(Zℓ) for ℓ≫ 0;
(iii) Γℓ is Zariski dense in G ×Qℓ for ℓ≫ 0;
Then the derived group [Γℓ,Γℓ] is equal to G
der(Zℓ) if ℓ≫ 0.
Proof. For all sufficiently large ℓ, Γscℓ is contained in G
der(Qℓ) = G
sc(Qℓ)
by (i) and (iii). Then by (ii) and the fact that the radical R(G) is central
in G, we obtain
[Γscℓ ,Γ
sc
ℓ ] ⊂ [Γℓ,Γℓ] ⊂ G
der(Zℓ).
Since Γscℓ is hyperspecial maximal compact in G
der(Qℓ) by Theorem 1.8,
it is perfect [HL15, Theorem 3.4]. This implies [Γscℓ ,Γ
sc
ℓ ] is a maximal
compact subgroup, which forces [Γℓ,Γℓ] = G
der(Zℓ) because G
der(Zℓ) is
also compact. 
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